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Abstract
A short overview is presented for the recent progress in the theory of heavy flavor transport in ultra-relativistic
nuclear collisions, including a summary of different transport models, their phenomenological results of heavy meson
quenching and flow at RHIC and LHC, a possible solution to the RAA vs. v2 puzzle and predictions for heavy flavor
observables beyond the current measurements.
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1. Introduction
Heavy quarks serve as valuable probes of the trans-
port properties of the quark-gluon plasma (QGP) mat-
ter created in relativistic heavy-ion collisions at the
Relativistic Heavy-Ion Collider (RHIC) and the Large
Hadron Collider (LHC). Because of their large mass,
most heavy quarks are produced at the primordial stage
of collisions via hard scatterings and then they travel
through and interact with the medium with their flavors
conserved, and thus observe the full evolution history
of the QGP fireballs. Over the past decade, experimen-
tal observations at both RHIC and LHC have revealed a
great many interesting data of heavy flavor hadrons and
their decay leptons, among which the most surprising
ones are their small values of the nuclear modification
factor RAA and large values of the elliptic flow coeffi-
cient v2, which are almost comparable to those of light
hadrons [1, 2, 3]. This seems contradictory to one’s ear-
lier expectation of the mass hierarchy of parton energy
loss inside the QGP and is known as the “heavy flavor
puzzle”. Therefore, it still remains a great challenge to
fully understand the heavy flavor dynamics in heavy-ion
collisions. This includes not only parton energy loss in-
side the QGP, but also heavy flavor initial production,
hadronization and hadronic interaction.
In this talk, a brief overview will be provided for the
frequently utilized heavy quark transport models. Then
their phenomenological results will be presented and
compared with experimental data. After that, recent
theoretical developments will be discussed, including
predictions for the two-particle correlation functions of
heavy flavor and medium modification of heavy mesons
in proton-nucleus collisions.
2. Transport Models of Heavy Flavor in Heavy-Ion
Collisions
2.1. Collisional Energy Loss of Heavy Quarks
In the most general form, the heavy quark evolution
can be described using the Boltzmann equation:[
∂
∂t
+
pi
E~p
∂
∂xi
+ Fi
∂
∂pi
]
fQ(t, ~x, ~p) = C [ fQ] , (1)
in which the left hand side is the total time derivative of
the heavy quark distribution function and the right hand
side represents the collision term. Usually two assump-
tions are applied: first, one may neglect the drift term
(the third term), or the mean free force from the QGP
medium exerted on heavy quarks; and second, one can
integrate or average over the position space of the dis-
tribution function and only concentrate on the evolution
of the momentum space without considering the second
term. With theses two assumptions, only the partial time
derivative (the first term) remains on the left hand side.
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The collision term can be expressed as a subtraction of
the loss term from the gain term:
C
[ fQ] =
∫
d3k
[
w(~p + ~k,~k) fQ(~p + ~k) − w(~p,~k) fQ(~p)
]
,
where w(p, k) represents the transition rate of a heavy
quark from momentum p to p−k and can be directly cal-
culated from the microscopic scattering cross sections.
One may simplify the transport equation with further
assumptions. For example, in the quasi-elastic scatter-
ing process, we can assume the momentum change of
heavy quark during its each scattering with a light par-
ton is small (|~k| ≪ |~p|). Then we have
C
[ fQ] ≈
∫
d3k
(
ki
∂
∂pi
+
1
2
kik j
∂2
∂pi∂p j
)
w(~p,~k) fQ(~p),
and the Boltzmann equation is reduced to the Fokker-
Planck equation of the distribution function fQ(t, ~p):
∂
∂t
fQ = ∂
∂pi
{
Ai(~p) fQ + ∂
∂p j
[
Bi j(~p) fQ
]}
. (2)
In addition, we may also assume every heavy quark
is scattered multiple times during its evolution inside
the medium, then the Fokker-Planck equation can be
stochastically realized by the Langevin equation:
dxi =
pi
E~p
dt, (3)
dpi = −ηD(~p)pidt + ξidt. (4)
In Eq. (4), the first term is known as the drag term and
the second term is related to the thermal random force.
One may refer to Ref. [4] for calculations of the trans-
port coefficients above – Ai, Bi j, ηD and ξi. It is worth
noticing that these two simplifications from the Boltz-
mann equation to the Fokker-Planck equation and then
to the Langevin equation are only valid for the colli-
sional energy loss, or the 2 → 2 scattering of heavy
quarks inside the QGP, but not for their radiative energy
loss because the gluon radiation process usually does
not satisfy these two assumptions.
Various transport models have been constructed to
study the heavy quark diffusion inside the dense nu-
clear matter, such as the parton cascade model based
on the Boltzmann equation [5, 6, 7, 8], the linearized
Boltzmann approach coupled to a hydrodynamic back-
ground [9, 10] and the Langevin-based transport models
[11, 12, 13, 14]. In the Boltzmann models, the most im-
portant ingredient is evaluating the collision term. For
most current studies, only the leading order (LO) di-
agrams for heavy quark scatterings with light quarks
and gluons are considered. The dominant contribu-
tion is from the t-channel matrices of the Qg → Qg
and Qq → Qq processes whose infrared singularity
is usually regulated by introducing the Debye screen-
ing mass into the gluon propagator [15, 7, 16]. For
the Langevin equation, all the interactions are encoded
in the transport coefficients. One can use perturba-
tive QCD (pQCD) to calculate these coefficients [11],
but can also go beyond that. For instance, in Refs.
[17, 18, 12], a non-perturbative resonance scattering
method has been proposed to calculate the transport co-
efficients: one may assume heavy-light quark interac-
tion with certain potential and solve the T -matrix us-
ing the Lippmann-Schwinger equation from which dif-
fusion coefficients can be extracted. Due to the exis-
tence of the resonant states, the energy loss is enhanced
compared to the pQCD calculation. One can also use
the lattice QCD [19, 20, 21] to calculate the transport
coefficients. However, the current uncertainties of lat-
tice calculations are still large and no reliable inputs for
transport models are available. There are other treat-
ments of the collisional energy loss of heavy quark such
as the parton-hadron-string dynamics model introduced
by Ref. [22].
2.2. Radiative Energy Loss of Heavy Quarks
While collisional energy loss alone is successful in
describing heavy flavor observables in the low trans-
verse momentum pT region where the phase space for
the medium-induced gluon radiation is restricted by the
large mass of heavy quarks [23, 24], it has been shown
insufficient [25, 26] at high pT.
To incorporate gluon radiation into the Boltzmann
transport model, one need to evaluate the pQCD dia-
grams for the 2 → 3 processes for the collision term.
Although a full evaluation is available [27], the result is
tedious and hard to efficiently implement in numerical
calculations. For this reason, the Gunion-Bertsch ap-
proximation is adopted by Refs. [9, 28] that is derived
at high energy limit and reproduce the exact calculation
of the matrix elements over a wide rapidity range. The
LO pQCD calculation does not include the LPM effect
due to the coherent scatterings. To mimic this effect
in the numerical simulation, Ref. [29] requires that the
heavy quark mean free path is larger than the formation
time of radiated gluons times an X factor.
The radiative energy loss has also been implemented
in the Langevin framework [25, 26]:
d~p/dt = −ηD(p)~p + ~ξ + ~fg. (5)
The classical Langevin equation is modified such that
apart from the drag force and thermal random force, a
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third term ~fg = −d~pg/dt is introduced to describe the
recoil force exerted on heavy quarks while it radiates
gluons. The gluon radiation probability and its energy
and momentum distribution can be calculated based on
the gluon distribution function taken from the higher-
twist energy loss formalism [30, 31, 32]:
dNg
dxdk2⊥dt
=
2αsP(x)qˆ
πk4⊥
sin2
(
t − ti
2τ f
) (
k2⊥
k2⊥ + x2M2
)4
,
in which x is the fractional energy taken by the emitted
gluon from its parent heavy quark, and k⊥ is its trans-
verse momentum. P(x) is the gluon splitting function
and τ f = 2Ex(1 − x)/(k2⊥ + x2M2) is the formation time
of the gluon with E and M being the energy and mass
of heavy quarks. The gluon transport coefficient qˆ is
related to the heavy quark momentum space diffusion
coefficient – defined in 〈ξi(t)ξ j(t′)〉 = κδi jδ(t − t′) – via
qˆ = 2κCA/CF which is then linked to the drag coef-
ficient through ηD(p) = κ/(2T E). Therefore only one
free parameter remains in Eq. (5). Note that the higher-
twist calculation has recently been developed in Refs.
[33, 34] to also incorporate the drag induced radiation.
It has been shown in Ref. [26] that in 2.76 TeV cen-
tral Pb-Pb collisions, quasi-elastic scattering dominates
the energy loss of heavy quarks with low initial energy
while gluon radiation dominates the high energy region.
The crossing points are around 7 GeV for charm quark
and 18 GeV for bottom quark. This indicates that in-
cluding both energy loss mechanisms is necessary to
study the heavy quark phenomenology at high pT as ob-
served at the LHC experiment.
2.3. Hadronization and Hadronic Interactions
To fully understand heavy flavor observables, study-
ing parton energy loss alone is not enough. After heavy
quarks travel outside the QGP medium, they hadronize
into color neutral bound states. For the QGP fireball
itself, we can use the standard cooper-frye formalism
to sample light hadrons out of it. For heavy quarks,
we need to develop a hybrid model of fragmentation
plus heavy-light quark coalescence to calculate their
hadronization process. High pT heavy quarks tend to
fragment directly into hadrons. One may use either
a proper fragmentation function to calculate the corre-
sponding hadron spectra or use Pythia to simulate this
process. On the other hand, it is more probable for lower
pT heavy quarks to combine with thermal partons from
the medium to form new hadrons. This mechanism can
be described using either an instantaneous coalescence
model [35, 36, 26] or a resonance recombination model
[17, 18, 12].
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Figure 1: (Color online) The D meson RAA in central Pb-Pb collisions
at LHC [3].
It has been shown in Refs. [12, 26] that while frag-
mentation dominates the high pT region of heavy quark
hadronization, coalescence significantly enhances the
heavy quark production rate at medium pT. For this
reason, the coalescence mechanism could generate the
bump structure of the D meson RAA. In addition, coa-
lescence also enhances the D meson v2 since it adds the
momentum space anisotropy of light partons onto heavy
quarks when D mesons form.
After hadronization, D mesons continue being scat-
tered inside the hadron gas. Two approaches have been
used to model these interactions. For example, since
now we have both soft hadrons from the QGP fireball
and heavy mesons from the heavy quarks, as long as
the scattering cross sections between them are known,
we can put them into a Boltzmann based cascade model
such as the UrQMD [37] to simulate their further evo-
lution [26]. An alternative approach is calculating the
diffusion coefficient of D mesons inside a hadron gas
first and then put it into the Langevin equation [38]. It
has been shown in Ref. [26] that due to the additional
scatterings of D mesons inside the hadron gas, its RAA
is further suppressed at high pT and its v2 is enhanced
by another 20 ∼ 30%.
3. Heavy Meson Suppression and Flow
Figure 1 and 2 summarize the comparison of the pT
dependence of the D meson suppression between exper-
imental data and model calculations. With proper tun-
ings of the transport coefficients, most models are able
to provide reasonable descriptions of the data. As dis-
cussed earlier, the bump structure of the D meson RAA
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Figure 2: (Color online) The D meson RAA in central Au-Au colli-
sions at RHIC [2].
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Figure 3: (Color online) The mass dependence of the heavy meson
suppression [26].
especially observed at RHIC mainly results from the co-
alescence process in hadronization. Figure 3 shows the
participant number dependence of the integrated heavy
meson suppression, compared between D meson, B me-
son and non-prompt J/ψ decayed from B-meson. Due
to the larger mass of b quark, B meson is less suppressed
than D meson. And Fig. 3 provides a verification of the
mass hierarchy of the parton energy loss inside the QGP
from both theoretical and experimental sides.
Figure 4 compares the D meson v2 between model
calculations and measurement at the LHC. A closer in-
vestigation together with Fig. 1 indicates that it still re-
mains a great challenge in theoretical calculations to si-
multaneously describe RAA and v2 exactly. When RAA is
fixed, v2 is underestimated; and when v2 is fixed, RAA is
over-suppressed. Recently, there are two studies aiming
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Figure 4: (Color online) The D meson v2 in 30-50% Pb-Pb collisions
at LHC [3].
at this RAA vs. v2 puzzle. In Ref. [39], four differ-
ent model calculations of the temperature dependence
of the drag coefficient are compared and it is suggested
that when the RAA is fixed, the stronger the drag coeffi-
cient is at low temperature, or around Tc, the larger the
v2 will be. The physical picture is that if the interac-
tion around Tc is stronger, heavy quarks will lose most
of their energy at later time when the strong anisotropic
flow of the QGP has been developed and therefore pick
up a larger v2 from the medium. A similar conclusion
has been drawn in Ref. [40] in which a semi-quark-
gluon monopole plasma model is introduced that in-
creases the gluon transport coefficient qˆ around Tc and
consequently enhances the v2 of hard probe particles.
The study of gluon contribution to heavy meson sup-
pression [41] has also been presented at the conference.
It has been pointed out that although the gluon split-
ting process contributes a sizable fraction of the final D
meson yield, the influence on the nuclear modification
of the single heavy meson production is quite modest
due to the limited time for the hard gluons to interact
with the dense medium before splitting into heavy quark
pairs. On the other hand, the contribution of hard glu-
ons to the nuclear modification of heavy flavor tagged
jets has been studied in Refs. [42, 43] and shown im-
portant.
4. Observables Beyond the Current Measurements
Apart from the single particle spectra of heavy fla-
vor, the two-particle correlation functions related to
heavy mesons have been actively discussed recently
[44, 10, 45, 46, 47] and shown possible to reveal ad-
ditional information about heavy flavor dynamics.
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Figure 5: (Color online) The xT distribution of DD pairs for different
centralities [47].
In Fig. 5 we study the transverse momentum im-
balance of DD pairs in heavy-ion collisions. For each
event, we select the D or D meson that has the high-
est transverse momentum as the leading (trigger) me-
son. On the back side, we look for its anti-particle with
the highest transverse momentum and select it as the
subleading (associated) meson. An angular cut for the
away-side subleading meson – |φasso − φtrig| ≥ 2π/3 – is
applied which should help reduce the background of un-
correlated D and D’s. The transverse momentum imbal-
ance is defined as xT = pT,asso/pT,trig and its event distri-
bution is shown for different centralities and compared
with the proton-proton baseline. Two observations can
be found in Fig. 5: as one moves from proton-proton
collisions to more and more central Au-Au collisions,
(1) there exist a smaller number of DD pairs per trig-
gered event, and (2) the distribution shifts to smaller
xT (i.e., larger momentum imbalance). These both re-
sult from stronger energy loss of heavy quarks inside
the QGP. In the subfigure, we also present the ratios
between nucleus-nucleus collisions and proton-proton
collisions, i.e., IAA. The values of IAA are above unity
at small xT but below at large xT. And at large xT, IAA
decreases for more central collisions.
The momentum imbalance not only helps quantify
the energy loss of heavy quarks, but also provides us
the possibility to probe specific regions of the QGP fire-
balls. In Fig. 6 we investigate the correlation between
xT of the final DD pairs and the initial production po-
sitions of the cc pairs. We observe that smaller xT cor-
responds to events initially produced at the edge of the
QGP fireballs in which one heavy quark travels outside
the medium without much interaction while its partner
traverse the whole QGP fireball and loses significant
amount of energy. On the other hand, larger xT corre-
Figure 6: (Color online) The density distribution of the cc¯ produc-
tion positions (xinit, yinit) in 0-10% Au-Au collisions at RHIC [47].
The triggered D or D’s are taken along the out-of-plane directions
(|φtrig − π/2| < π/6), and pT,trig > 4 GeV and pT,asso > 2 GeV are
implemented. The values of xT of the final DD pairs are taken as:
(a) xT ∈ [0.2, 0.4], (b) xT ∈ [0.4, 0.6], (c) xT ∈ [0.6, 0.8], and (d)
xT ∈ [0.8, 1.0].
sponds to the initial cc pairs that are spread out smoothly
over the QGP.
Apart from the momentum imbalance, one may also
study the angular correlation function of heavy meson
pairs. It has been pointed out in Refs. [10, 47] that when
yielding similar D meson RAA, collisional energy loss is
more effective in smearing out the away side peak of the
D − D angular correlation function and enhancing the
near side peak due to the radial flow effect of the QGP.
Thus if future experiments can measure such correla-
tion functions of heavy flavor pairs, they may provide us
with a better understanding of the detailed energy loss
mechanisms of heavy quarks.
Another interesting study presented at this conference
is the first evaluations of the nuclear modification of
heavy quarks in small systems created in proton-nucleus
collisions [48, 49]. One may first tune a hydrodynamic
model so that it provides reasonable descriptions of the
soft charged hadron spectra, and then study the evolu-
tion of heavy quarks inside this small system with a
well-controlled transport model. It has been shown that
a significant amount of D meson suppression could be
observed in central p-Pb collisions and non-zero v2 has
also been predicted for different centrality regions.
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5. Summary
In this talk, different transport models and their im-
plementations to heavy quark energy loss in QGP have
been summarized. It has been shown that while colli-
sional energy loss dominates at low pT, radiative energy
loss is important at high pT. Numerical results of heavy
meson RAA and v2 have been compared with experimen-
tal data and a possible solution to the RAA vs. v2 puzzle
has been discussed: a closer investigation of the tem-
perature dependence of the interaction strength. Some
predictions for future experiments have also been pre-
sented, such as the two-particle correlation functions of
heavy flavor pairs and the non-trivial nuclear modifica-
tion of heavy flavor spectra in small systems produced
by proton-nucleus collisions.
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